DIVERSIFICATION, CAPITAL GRINS TAXES AND LONG TERM RETURN
by

Richara O. Michaud
lacks Investment Researcnh

braftt: Roril 7. 198c




MmICHAUD —— DIVERSIFICATION AND LONG TERM RETURN i

Suppose an investor owns & Dportfolic comsisting of a singie
{small oroup of) stock(s) that nas performed well. Shoulg the
investor enter & diversificatiorn prooram: i.8., sell some or all
of the assets in the original portfolico, i order to increase
giversification by investing 1in & more highly giversified
pert faolio?

In spite of the significant lousses in portfolio value cue to the
payment of capital pains taxes and the likelihcod that a new,
more market—like, port falio may wot  have as high an expected
returT, many fimancial cornsgltants and persornal trust  officers
cftern recommend such a plar. But how can such an investment
orogram be justified?

ihe henefits of divercification are gernerally asscociated with
recucing & portfolic’s exposure to iosses. ! By reducing risk
urrelated to the market, portfolic returns can be confirned to a
rarrower ranpe ancd the probability of low return in any given

pericg is reduced. ‘However, giversification by itself does not
ingrease expected return. Orm a short term basis an investor may
pay & substamtial price for a7 increase in portfolio

civersification.

The paradox of theory with practice can be removed by changing
the focus from sinople—period-or short term retury to multiperiod
cor lomp term  returr. It will be shown that a diversification
program over time may lead not only to substantially  lower
port falio velatility and lower probability of exposure to loss
but also a hipher expected crowth rate than the oririned
portfelic even when capital pains taxes are taken intc account.

PRORBILEM STRTEMENT

propovtion, D, of initial portfolioc wealth that will be sald and
reinvested (diversified) aver the N—period irmvestmert horizorng B
the number, Foy Ko 4N, of successive periccs over which ecual
amounts of D will be diversified; ©) the proportion F, the
marginal capital appreciaticn tax rate. All other tramsaction
costs are ignored or are subsumed in the tax factor. In gerneral,
we will assume that the original portfolio (O is significantiy
iless well diversified than the tarpet portfolic (T), rg ¢ r1, and
mas higher expected return in the form of higher systematic risk
cr beta, Bpo ¥ BT

A diversification program is aefined in terms of: a) the
e
I

1t is assumed foor converniernce that firancial markets are {=trorng
form) efficient® so that the basic determivants of portfolic
return are its risk characteristics (systematic and diversifiabile
risk. levels) and tax effects. Note that anm efficient market
frameward raises, rather tharn limits, the practicsl value of the
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results. The description of a diversification prooram that can
he Justified ir & stronpg form efficient market context coes riot
limit any of the berefits that may be acded via active marnagement
of the assets of the diversified portfolic.

The long term conseouences of diversification leads naturally to
considevation of properties of pecmetric mean {(compound, - growth
rate) returm which is the appropriate measure of portfolio return
aver time. The N-pericd peometric mean return is defined as:

(1) BN=C(1+R1) (1+Rz) ... (1+R))I/N -~

where Rj » —1, i=}, . N, ig the single—-pericd return in the
ith pericd of the N-pericd investmert horizon. For purposes of
convarniernce we assume that cash flaws are absent and returns
reinvested and that the return distribution is intertemporally
independent and idertically distributed aover time.

Numercus authors have examimes the investmert properties of the
gecmetric mean return distripution as a portfolio selection
criterion.> In particular, the maximization of the  expected
peonetric mean leads, over a sufficiently long investment
norizon, almost surely to more wealth thar any other essentially
cifferert investment strategy (Thorp, 1374).

Some important cbjections have beer raised to the geometric mean
portfolioc apjective. In particular, Samuelsor and Mertom (1374)
have sncown that maximizationm of the expected peometric mean is
mot consisternt with expected utility maximization under & wide
variety of condgitions. 1t is beyord the scope of this paper to
investigate the fouridat ione af irvestment criteria o
institutional portfolic management. 4 From the perspective of
practical portfolic marnapemert, the expected wvalue of the
portfaolic prowth rate over an  investment horizon is often an
important part of stated irnvestment objectives arg ex past
investment performance evaluatian. As importantly, we avoid the
unnecessary limitation of considering only the portfolic thnat
maximizes the expected pecmetric mean over an infinite norizon. o
The parameters of the peometric mean distribution are used as a
puide for choasing those portfolicos that have attractive near anc

long term investment characteristics.  Used with an awareness of
its limitations, the criterion may be useful Ffor investors with
investmert objectives corsistent with properties of the

criterion.
SOME THEORETICAL RESULTS ON LONG TERM RETURN.

Before we illustrate the diversification isswues fuwrther, ar
T impovtant, but not particularly intuitive, property of the
expected pecmetric mearn must be described. Michaud (1398L) showed
mathematically that the expected peometric mearn will gernaral ly
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gecline in wvalue a&as the mnumber of periaods, or lenogth of the
herizor, increases.® Some intuition for this result may be found
in the following observation: The expected  peometric mean
(generally) acts as if the active placement of assets at risk in
each additicornal time pericd implies the assumption of additiornal
risk or oropbability of loss with respect to the aption af rnot
placing the assets at risk,.

It is well known that the expected peometric mearn return is &
rnegative functiorn (beyord the first periocd) of the port folio
variarce with a well defired limit of (eE(iIn(i+r) —3), Since
portfalio diversification reduces the total risk of the
portfolio, diversification increases the expected peometric mear.
Therefore, if two portfolics have equal (single—pericd) expectec
returns, the expected prowth rate of the more well diversified
portfolio will be oreater. "The interesting practical issue is
whether, in the long run, a better diversified portfolio with
less (sirple—-perind) expected return, has a larper expected
prowth rate.

Some of these relaticonships are illustrated in Figure 1, where
portfolico T has the same (gingle periog) expected - return as
portfalic O but nigher diversification. Comsequerntly, portfocliios
T ard O hnave the same intercept but the expected growth rate for
portfolio O decreases more significamtly as a function of  the
lernotn of the investment horizow. It should be moted that, acs
previcusly described, the long term expected geometric mean of
gacn portfolic has a well defined limit that is not recessarily
zero Oy regative.

SOME SIMPLE SPECIAL CASES

A simple but impevtant special case of the diversification
prablem consists of the sale of all the assets in the original
portfmlic at the bepinning of the first pericd and the after—tax
remairnder, 1—-P invested irn the tarpet portfolic (D=1, K=1). The
wealth ratic at time N is:

__N |

(27 Wh = We (10~ P) 13 (1 + Rid.
Ey definition, +the geonmetric mean return in the Nth pericd,
Gn(R), where R represents the vector of N-period returns, is:

__N

(3) BN (RY) = (1=Py1/N £ 11 (1 + Ri» »1/N - 1,
The term (1-P)1/N iy (3) describes the effect of loss of wealth
o the expected growth rate over time. As N increases tnis
factor approaches one. Carnsequently, the loss of wealth which

mecurs  im the first period, due to capital pains taxes, hag &
diminishing effect on the expected growth rate of the portfalic
as N 1ncreases. Rs the loss of wealth factor diminishes, the
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expected long term rate of return will increasingly depend on the
risk—-return characteristics of the target partfolic and approach
the long term limit of the expected growth rate of the tarpet
portfolic.

Figure £ illustrates the results of this argument. ¢ As in Figure
1, we compare the expected geometric mean over time for two
portfolios QO -~ the oripinal, less well diversified portfolio anc
7 —— the tarpget or better diversified portfolio. We will also
assume that P = 0.35 or that portfolico T is £5% of the wvalue of
portfolic O at the beginning of the First pericd due to capital
gains taxes.

The effect of taxes on returrn, using the value of the portfolic O
as the base for the computatiom, are most severe in the first

periad. fis cbserved from the increase in the expected geometric
mean for povtfolio T, the effects of the initial loss of wealth
diminish over time. = The higher lonog term rate of retwrn for

portfolic T is  indicative of the higher level of portfolic
diversificatiaon.

fAfter a number of pericgds, the expected geometric mean return of
both portfoliocs may cooincide. This point iz ealled the
ferossover. Fram this point ony, the diversified "tarcet"
portfolia has hipher expected compound return o with pyreatly
reduced risk. '

The crossover poaint is an important focus of a diversificatiom
progyram analysis. The investment envirommernt assumptions, which
will be detailed later, cart have arn important effect on the
reslults oepicted in Fipure &, especially on the value arnd even
the existence of a crossover point. :

Using approximation methods® an analysis of the diversification
problem forr  the case whenm all assets, b, that are to be
diversified are sold in the first period (K=1) can be derived.
The solution is essentially a properly welighted averape of  the
expected geometric means of the original anc tarpet portfolios.
Figure 3, illustrating the approximation analysis, snows that a
smaller proportion of the sale of the original asset results in
less of a loss in portfolic return due to a  loss of portfolio
value and tne likelihood of an earlier crossover point for the
strategy but a lower long term growth rate than the tarpet
portfolico.
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MONTE CARLO SIMULATION ANALYSIS
Although Figures 1, & and 3 bracket many of the major

chatracteristics of the diversification problen, the guestiaorn of
giversifying a portion of the oripinal assets aver many pericods
has not beern dealt with. This factor does not readily lend.
itself to analytic description.

Morte Carlo simulation was used to study this important aspect of
the diversification problem.- This is a statistical techrnicue
aften used for understanding the implications of any piven set of
portfolic and market assumptions . on  portfolio performance. 7
Simulating the behavior of the portfolio over time can determine
the likely return, ranges of normal variation, and the
digtribution of retuwns, under a given set of assumptiorns. By
varylirng Key assumptions we may cbserve the effect of the market
erivironmert and. diversification strategies To determine
appropriate and ootimal strategies with respect to investor
cblectives and constraints. : :

In the appendix, a detailed description of the simulation
procedure that is used as the basis of the sinulation studies is
given. The market line model is used to gernerate portfolio
returw based on the risk characteristics of the original @ anc
tarpet portfolios with respect to the market assumptions anc the
diversification program. . The capital market parameters that
gescribe the capital market erviranment consist of an expected
market risk premium and market volatility (standeard deviation).

The two market ernvirormernt assumptioms used inm the simnulaticons
are:

Mkt Risk premium - St. dev.

Rverage 7% _ 0%

VMalatile T S04
The ‘“average'" market paﬁametérs represent a reasonably typical
set of assumptions based on  historical data; the “volatile"

market parameters represent & more. pessimistic and risky market
ernvirornment.

The portfolio risk-diversification parameters for the original
arid tarpget portfolics are:

Portfaolio Beta Correlation with market
0 B = 1.8 ro= Q. E0.
T E = 1.0 r = O.98.

In many cases of interest, the oripginal portfolio will have
sigrnificarntly lower portfolic diversification, ang highey beta,
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than our assumptions. This is in lire with the generally
ronservative tilt of cur assumptions.

Sirce the market assumptions are given in  arnneal terms, the
compounding periods o the simulation studies .shcould be
interpreted as yvears. Twe hundred simulations were used for all
simulation studies.

Figure & describes the resulis of the Morte Carlo simulaticor.
The mediam portfolic growth rate for the indicated five
progortions of original asset diversification are plotted aver
twenty vears. Apart from statistical variation that is a natural
part of the simulatior process, the results of Figures s and 4
are, as expected, similar. Figure 4 sewrves as a benchmark for
the portfolio simulation analysis of other aspects of  the
diversification process.

The effect of asset diversification in a more highly volatile
market is showrn in Fipure 3. The assumpticms of Fipure O are
exactly those of Figare 4 except for an increase in market
volatility. . The long term median compound rate of return for the
O% asset diversified portfolic is guite law. The bemneficial
effects of asset diversification are dramatically apparent in &
movre volatile market, with a much shorter crossover time.

In Figure &, we examine the effect of asset diversification aver
a rnumber of periods, fer the assumptions in Figure 4. In
cantrast to the situation of Figure 4 @ where all asseat
giversification takes place at the begirming of the first period,
the indicated percent of asset diversificaticnm takes place, ir
equal amounts, over ten periocds. The rnet effect is tc reduce the
shart term losses due to capital gaimg  taxes o a much  more
acceptable level.  Asset diversification aver & number of periods
provides the investor with minimum short term losses with respect
ta the returms that would be anticipated from the original
holdinps while building up portfolic diversification  and its
berneficial long term effects. The lcrng rurnt mediam rate of return
closely resembles the anticipated return from the 100X asset
diversified portfalio.

In Figure 7, we examine the same diversification process as in

~Figure 6, forr the more wvolatile market case. - The market
volatility affects jJudgment of arn appropriate rate of  asset
diversification. In hichly volatile markets, guick

giversification of assets is desirable, while a more leisurely
pace is appropriate in less vaolatile markets.

1n Figure &, an alternative way of presenting the effects of
asset diversifigation on portfolic performance is  shown which
foocuses on portfolioco volatility. The assumptions are those of
Figure 4. The distributicrn of compound retuwrn is presented for
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the fifth year and 1is graphed versus the level nof asset
giversification. The horizontal axis comsists of five levels of
diversification, from 0% to 100% in steps of 25%.

The middle curve reoresents median compound return for each level
of asset diversificatiorn in the fifth year.  The median curve
paints out that, as the level of asset diversification 1is
increased, the anticipated level of compound return in the fifth
year decreases. The top curve is the 29% percentile of compoaudnd
returns and represents the point such that, only five percent of
returns are higher. The 73th, eoth, and Sth percentile curves
are defined similarly. The Sth and 95th percentile curves cefine
a reascrable rarge of compound portfolic retuwrn. Figure 8 shows
that the wvariability or rarnge of retuwrns and consequently the
probability of low returns is greatly reduced by assat
diversification. :

In Figure 9, the effect of asset diversification is shown, with
respect to the assumptioms in Figures 4 and 8, for the twenrntieth

year. Orn a lovng term basis, diversification tends to increase
expected compound returrn while greatly reducing exposure to the
possibility of low returns. -1t is of interest to note that, for

the assumptions of Figure 9, the probability of mepative returns
is reduced by asset giversification to virtually zero.

SUMMARY
The major conclusicons of the diversification study are:

1. Portfalio diversificatiorn will often increase the expected
portfolic growth rate and sigrnificantly reduce the portfolico’s
exposure to loss even after consideratiorn of the loss of wealth
due to capital gains taxes and the lower expected returm of the
more hiphly giversified portfolio. '

= In many cases,  the inferiority of the performance of
diversified portfoclicos may be relatively short lived. The risk-—
return characteristics of the  tarpget portfolio often dominate
portfolic return within relatively short time horizons.

3. The more volatile the market enmviromment, the more attractive
is the bernefit of a diversification program over time.

4. . Undeyr “average market" conditions, the diversification
program with the most attractive characteristics appears to be
one that diversifies a significarnt proporticn of assets over a
number of periods. This is becausze short run portfoalio returns
closely resemble anticipated returns from the original portfolio
while lorng run return closely resembles the long term expected
return of the highly diversified portfolio.
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Although no attempt was made to determine diversification
objectives with respect to anticipated revenue flows, this would
penerally be an important part of a diversification study
tailored to meet the rieeds of particular investors or
institutions. It should alsc be noted that the policy of halding,
the level of portfolic risk and diversification constant over
time is not multiperied aoptimal (see e.g., Michaud and Monabhan,
1386 .

In spite of the  generally attractive portfolio return
characteristics of diversaification, it carmcot be recommended for
BVETYOri&, The basic tradecoff remains short term losses for long
term gains. Alternatively, the tradecff amounts to a reduced
- probability of lass which is affset by lower short term returns.

Alsa, the attractiveress of a diversification program on a long
term basis is strongly affected by the assumpticns which are made
concerning the investment ervironment over the investment
horizoti. Urder optimistic market assumptions, the corassover
point, which may make long term diversification particularly
attractive, may not exist. Therefore, irnvestors with optimistic
assumptions on the market may be badly advised to accept a
reduction of portfolio return for the sake of diversification.

Ultimately, the appropriateness of any diversification program
deperids crucially ar irvestment objectives and the rieed ta make
clear the consequences of a givern set of assumptions and investor
attitudes towards risk. However, the study clearly shows that,
for 1nvestore with reascrably long term investment objectives,
urder reasornable market assumptions, diversification 'ig an
attractive characteristic of prudent investmert managemernt. In
many  cases, high capital gains taxes do not mitigate the
attractiveress of diversification except to defer its berefits
aver a relatively short investment horizon.
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APPENDIX

This appendix describes some of the technical details involved
with & Monte Carle simulation of the type wused in the
diversification study of this paper.

The "market line model" is:
(&) Ri = Rf + B(Rmi — Rf) + ej

where Ri is the total return of the portfolic in each pericod i=
1ywanqglN, Ri » -1, Rf is the risk free rate in each pericc of the
N pericd investment horizon, RMi is the retuwrn of the "Market" or
berchmark portfolio in period i, the guantity Rm — Rf is the
market risk premium, E is the portfolio’s "beta” or estimated
level of systematic risk with respect to the benchmark port folio,
ei is the return specific to the portfolic and urmrelated to the
market returrn in pericod i.

The portfolio's risk—diversification parameters are E and r3 v is-
the correlation of the portfolio with the market portfolio.

The capital market parameters that are used to describe the
investment environment over the N-period irnvestment horizon are

the expected market wisk premium irn each period, E(Rm) — Rf), the
standard deviation of market returns inm each pericd, Sif, and
the risk free rate Rf. The assigrment of the risk. free rate

value does not affect the simulation aralvsis.
1f values for the portfolio risk-diversification parameters, ard
for the capital market parameters, are giver, the risk-return

parameters of the portfolic in each period can be determined by:

(7) E(RY = Rf + B(E(RM) — R¢)

sip(R) Bsigm/r

Returns are penerated in each period for the original and tarpet
portfalio . according to  their risk-return characteristics as
defined by (7). Returns are assumed to have a (left truncated)
normal distribution; the IEBM SSP Gauss subroutine was used to
derive the random variates. :

The three key parameters that describe a diversification program
are D, K ang B, Reference to R3O0 and RiT will denote
respectively the total return in the ith pericd from the griginmal -
and tarpet portfolio.

Di wiil be used to refer to the proportion of assets which will
pe diversified in the ith pericd of assets that remain at the
begirming of the pericd. The formula for Dy given D and K is:
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(8) Dy = DA{KH—Ci~1)), i = 10004 K

The geometric mean return in pericd i has Two formsg depending
whether i ( K (diversification of assets is rot complete) or 1 )
K. {(diversification of assets has been completed). The
simulation program computes the following formula: '

on

Givern i £ &, G{j (R

i i=1 :
L =Dy (1+RIDY Y+ 1 {(1-D3) (1+R303D; (1-P) (1+R; Ty +
J=1 J=1
ize -3
11 €(1-D3) (1+R3DI IDi—1 (1=F) 11 (2+R3T) "+ ...+
J=1 J=i-1
: : -i i '
(1-D1) (1+R1 DD 1= 11 (1+RyTY + Dai-P) 1 i+RyT) ¥1/71 -1
. J=& J=1 &
()
Given 1 )} WK, Gi¢RY =
K -1
£ 114 (1-Dy) (a+Rr3M) 11 (1+RyE) +

J=1 J=K+1

K-t -1

11 L (1=-D3) (1+R303DK(1-P) 11 (1+RTY +

J=1 J=H

Kz _i
11 £ (1-D3) (1+R30) D1 (1-PY L L (1+RIT) A+ L.+

J=1 : J=H~1

(1-D3) (1+R1DID2 (1-P)

0 - i

rle"u

1+R3T)Y + Dy {(i—-P (1+R3 Ty 3171 -

o
iy T

)
J
The 1long term asset diversification problem amounts to the
computation and armalysis of equation (). '

FOOTNOTES

! See e.pg., MacDonald (1975).

]

See e.g., Fama (13270), Jensen, <(1372).




MICHAUD —-— DIVERSIFICATION AND LONG TERM RETURN 11

S Hreimarn, 19503 Hakansson, 1371a, bs Hakansson‘and Miller, 159735;
Kelly, 19563 Latane, 1959; Markowitz, 1959, Ch. €3 Thorp, 1374,

4 Hakanssor, 1979 Levy and Markowit=z, 19793 Merton and
Samuelson, 19743 Samuelson and Merton, 1974, Michaud 1381.

S Markowitz, 1993, Ch. &, moted that there may exist portfolics
on  the (single pericd) mean—variance efficient frontier with a
smaller expected growth rate and more volatility than  other
portfolios on the efficient frontier. When the horizorn is not
infimite arnc the mean and variance of the sinple pericd return
distribution is of value in deseribing the investor’s utility
function, ther a natural consideration is the subset of (sivmple—
pericd) mean—variance efficient portfolios that have attractive
- lanp term investment properties (see alsc Michaud, 1981). This
subset of the single-period efficient frontier provides the
investor with a wide spectrum of choices of portfolios that are
both near and long term attractive, avoiding the unnecessary
limitatiorn imposed by considering only the sirgle (often high
risk) portfolic that maximizes the (very long term) expected
gecometric mean (see, McEnally, 1986 for such a point of view).

€& The important excepticons to this rule are when the portfolic
Mas no variance or the return distribution is . {(precisely)
lagrnormal. Such a result points out that, while the lognormal
return distribution assumpticor may be convenient in  many
instances, it may also lead to results that are misleading and
not easily generalizable.

7 while the term (1-P)1/N in (3) increases with time, the “pure”

expected gecmetric mearn (second term) decreases with time. - For
intermediate values of P, the expected psometric mear may have an
inflection point when N is greater than one. For illustrative

purposes, we assume that the expected pecmetric mearn is either an
always increasing or always decreasing bounded furnction of the
length of the investment horizor.

8 See Michaud (1981, sect. 3.

29 Fimnarcial applications of the Monte Carilo simulation technigue
are discussed in Lorie and Hamilton (1973, Ch. 15) . and numeraus
cther finance textbooks. '
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F1GURE 1

COMPARISON OF EXPECTED PORTFOLIO GROWTH RATES
ORIGINAL VS TARGET PORTFOLIO
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F1GURE 2
COMPARISON OF EXPECTED PORTFOLIO GROWTH RATES
OR1G1NAL VS TARGET PORTFOL10
ONE YEAR DIVERSIFICATION PROGRAN
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FIGURE 3
COMPARISON OF EXPECTED PORTFOLIO GROWTH RATES
BY INDICATED PERCENT OF ASSETS DIVERSIFIED
ONE YEAR DIVERSIFICATION PROGRAK
AVERAGE MARKET
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MEDIAN GROWTH RATE
BY INDICATED PERCENT OF ASSETS DIVERSIFIED
ONE YEAR DIVERSIFICATION PROGRAM
AVERAGE MARKET
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F1GURE 5
MEDIAN GROWTH RATE
BY 1NDICATED PERCENT OF ASSETS DIVERSIFIED
ONE YEAR DIVERSIFICATION PROGRAM
VOLATILE MARKET
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F1GURE ©
MEDIAK GROWTH RATE
BY 1NDICATED PERCENT OF ASSETS DIVERSIFIED
TEN YEAR DIVERSIFICATION PROUGRAM
AVERAGE MARKET
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F1GURE 7
MEDIAN GROWTH RATE
BY INDICATED PERCENT OF ASSETS DIVERSIFIED
TEN YEAR DIVERSIFICATION PROGRAM
VOLATILE MARKET
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FI1GURE &
COMPOUND RETURN DISTRIBUTION
STH YEAR
TEN YEAR DIVERSIFICATION PROGKAM
AVERAGE MARKET
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FIGURE 9
COMPOUND RETURN DISTRIBUTION
20TH YEAR
TEN YEAK DIVERSIFICATION PROGRAM
AVERAGE MARKET
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